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Abstract. By making use of the path integral duality transformation, we derive the string representation for
the partition function of an extended Dual Abelian Higgs Model containing gauge fields of external currents
of electrically charged particles. By the same method, we obtain the corresponding representations for the
generating functionals of gauge field and monopole current correlators. In the case of bilocal correlators,
the obtained results are found to be in agreement with the dual Meissner scenario of confinement and the
Stochastic Model of the QCD vacuum.

1 Introduction

The explanation and description of confinement in gauge
theories is known to be one of the most fundamental prob-
lems of modern Quantum Field Theory (see e.g. [1,2]). In
general, by confinement one means the phenomenon of ab-
sence in the spectrum of a certain field theory of the phys-
ical |in〉 and |out〉 states of some particles, whose fields are
however present in the fundamental Lagrangian. A natu-
ral conjecture here is that due to a linearly rising confining
interaction, (anti)quarks cannot exist as free particles, but
form colourless bound states of hadrons. The most natural
quantity for the description of this phenomenon is the so-
called Wilson loop average. In the case of Quantum Chro-
modynamics (QCD), this object has the following form

〈W (C)〉 =
1

Nc

〈
tr P exp


igQCD

∮
C

Aµdxµ


〉 , (1)

which is nothing else, but an averaged amplitude of the
process of creation, propagation, and annihilation of a
quark-antiquark pair. In particular, for large contours C,
the exponential dependence of this vacuum average on
the area of the minimal surface, Σmin., encircled by C,
〈W (C)〉 → e−σ·|Σmin.| (the so-called area law behaviour of
the Wilson loop), yields then the linearly rising confining
potential

Vconf.(R) = σR. (2)
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Here σ stands for the so-called string tension, and R is the
relative distance between a quark and an antiquark.

The linearly rising potential (2) admits a simple phys-
ical interpretation in terms of a string picture: the gluonic
field between a quark and an antiquark is compressed to
a tube or a string (the so-called QCD string), and σ is the
energy of such a string per unit length. This string plays
the central role in the Wilson’s picture of confinement [3],
since with increasing distance R it stretches and prevents
quark and antiquark from moving freely to macroscopic
distances. The problem of studying the properties of the
QCD string is closely related to the problem of finding a
string representation of gauge theories possessing a con-
fining phase. In this respect, all methods of derivation of
the string effective action from the action of gauge theo-
ries are of great importance. Some progress in the solution
of this problem has recently been achieved for the case of
QCD in [4-6] using the so-called Stochastic Vacuum Model
(SVM) of the QCD vacuum [2,7]. However, it still remains
unclear how one can get a mechanism of integration over
string world-sheets in QCD, since up to now the construc-
tion of the string effective action has been performed on
the surface of the minimal area.

The present paper is devoted to be a first step in this
direction. To this end, we shall simplify the problem un-
der study by considering the related Dual Abelian Higgs
Model (DAHM). This model approach is based on the
commonly accepted observation that on the phenomeno-
logical level, quark confinement in QCD can be explained
in terms of the dual Meissner effect [8,9]. According to the
’t Hooft-Mandelstam picture of confinement, the proper-
ties of the QCD string should be similar to the ones of
the electric vortex, which emerges between two electri-
cally charged particles immersed into the superconduct-
ing medium filled with a condensate of Cooper pairs of
magnetic monopoles. In the case of the usual Abelian
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Higgs Model (AHM), which is a relativistic version of the
Ginzburg-Landau theory of superconductivity, such vor-
tices are referred to as Abrikosov-Nielsen-Olesen strings
[10].

Thus, it looks reasonable to consider DAHM as a natu-
ral laboratory for probing various approaches to the prob-
lem of the string representation of QCD (for related inves-
tigations of AHM see [9,11-16]). In this respect, in [12] the
so-called path integral duality transformation proposed in
[11] has been applied to the lattice version of AHM in the
London limit in order to reformulate the partition func-
tion of this theory in terms of the string world-sheet coor-
dinates. Then the same reformulation has been performed
in the continuum limit in [15].

In this paper, we would like to demonstrate the use-
fulness of the path integral duality transformation for the
derivation of the string representation for the generating
functionals of gauge field strength tensor and monopole
current correlators in DAHM. In particular, we find it
useful to study a suitably extended version of this model,
which includes gauge fields generated by external electri-
cally charged particles called “quarks”.

The outline of the paper is as follows. In Sect. 2, we
shall derive the string representation for the partition
function of such an extended version of DAHM in the
London limit. In Sect. 3, we shall generalize the result of
Sect. 2 by introducing external sources of the field strength
tensors in order to derive the string representation for the
generating functional of gauge field correlators in the Lon-
don limit of extended DAHM. In particular, we shall calcu-
late the bilocal correlator and demonstrate that its long-
and short distance asymptotic behaviours are in agree-
ment with those found in QCD. In Sect. 4, we shall derive
the string representation for the generating functional of
monopole current correlators and calculate the correlator
of two such currents. Finally, some technical details con-
cerning the path integral duality transformation and the
integration over the related Kalb-Ramond field are out-
lined in two Appendices.

2 String representation for the partition
function of the extended DAHM
in the London limit

We shall start with the following expression for the parti-
tion function of the extended DAHM

Z =
∫

|Φ| D |Φ| DBµDθ

× exp

{
−
∫

d4x

[
1
4
(
Fµν − FE

µν

)2
+

1
2

|DµΦ|2

+λ
(
|Φ|2 − η2

)2
]}

, (3)

where Φ(x) = |Φ(x)| eiθ(x) is an effective Higgs field of
“Cooper pairs” of magnetic monopoles, Bµ and Fµν =
∂µBν −∂νBµ are the dual gauge field and its field strength

tensor, Dµ = ∂µ −2igBµ is the covariant derivative with g
standing for the magnetic coupling constant. Notice that
in (3), FE

µν denotes the field strength tensor generated by
external “quarks”, defined according to the equation

∂ν F̃E
µν ≡ 1

2
εµνλρ∂νFE

λρ = 4πjE
µ (4)

with

jE
µ (x) ≡ e

1∫
0

dτ
dxµ(τ)

dτ
δ(x − x(τ))

standing for the conserved electric current of a quark,
which moves along the closed contour C, parametrized
by the function xµ(τ), 0 ≤ τ ≤ 1, xµ(0) = xµ(1). The
electric coupling constant e is related to the magnetic one
via Dirac’s quantization condition eg = n

2 , where n is an
integer 1. In what follows, we shall for concreteness restrict
ourselves to the case of monopoles possessing the minimal
charge, i.e. set n = 1.

The solution to (4) reads

FE
µν = 4πeΣ̃µν ,

where Σµν(x) ≡ ∫
Σ

dσµν(x(ξ))δ(x − x(ξ)) is the so-called

vorticity tensor current [14] defined on the string world-
sheet Σ. This world-sheet is parametrized by the four-
vector xµ(ξ), where ξ =

(
ξ1, ξ2

)
is a two-dimensional co-

ordinate. Due to the Stokes theorem, the vorticity tensor
current is related to the quark current according to the
equation

e∂νΣµν = jE
µ .

In particular, this equation means, that in the case, when
there are no external quarks, the vorticity tensor current
is conserved, i.e. due to the conservation of electric flux all
the strings in this case are closed. Notice, that when exter-
nal quarks are introduced into the system, some amount
of closed strings might survive. From now on, we shall
restrict ourselves to the sector of the theory with open
strings ending at quarks and antiquarks only.

In the London limit, λ → ∞, the radial part of the
monopole field becomes fixed to its v.e.v., |Φ| → η, and
the partition function (3) takes the form

Z =
∫

DBµDθsing.Dθreg. exp
{

−
∫

d4x

×
[
1
4
(
Fµν − FE

µν

)2
+

η2

2
(∂µθ − 2gBµ)2

]}
, (5)

where from now on constant normalization factors will be
omitted. In (5), we have performed a decomposition of the
phase of the magnetic Higgs field θ = θsing. + θreg., where
θsing.(x) obeys the equation (see e.g. [11])

εµνλρ∂λ∂ρθ
sing.(x) = 2πΣµν(x) (6)

1 Here, we have adopted the notations of [9]. For shortness,
the normalization factor 1

4π
is understood to be included into

the volume element d4x
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and describes a given electric string configuration, whereas
θreg.(x) stands for a single-valued fluctuation around this
configuration. Notice also, that as it has been shown in
[15], the integration measure over the field θ factorizes into
the product of measures over the fields θsing. and θreg..

Performing the path integral duality transformation of
(5) along the lines described in [11], we get

Z =
∫

DBµDxµ(ξ)Dhµν exp
{∫

d4x

×
[
− 1

12η2 H2
µνλ+

+iπhµνΣµν − (2πe)2Σ2
µν

−1
4
F 2

µν − iF̃µν (ghµν + 2πieΣµν)
]}

, (7)

where Hµνλ ≡ ∂µhνλ +∂λhµν +∂νhλµ is the field strength
tensor of an antisymmetric tensor field hµν (the so-called
Kalb-Ramond field). Next, by carrying out the integration
over the field Bµ in (7), we obtain

Z =
∫

Dxµ(ξ)Dhµν exp
{

−
∫

d4x

×
[

1
12η2 H2

µνλ +
1

4e2 h2
µν + iπhµνΣµν

]}
. (8)

The details of the derivation of (7) and (8) are outlined in
the Appendix 1.

Finally, the Gaussian integration over the field hµν in
(8) (see Appendix 2) leads to the following expression for
the partition function (5)

Z =
∫

Dxµ(ξ) (9)

× exp


−π2

∫
Σ

dσλν(x)
∫
Σ

dσµρ(y)Dλν,µρ(x − y)


 .

In (9), the propagator of the field hµν has the following
form

Dλν,µρ(x) ≡ D
(1)
λν,µρ(x) + D

(2)
λν,µρ(x),

where

D
(1)
λν,µρ(x) =

η3

8π2e

K1

|x|

(
δλµδνρ − δµνδλρ

)
, (10)

D
(2)
λν,µρ(x) =

eη

4π2x2

{[
K1

|x| +
m

2
(K0 + K2)

]

×
(

δλµδνρ − δµνδλρ

)

+
1

2 |x|

[
3

(
m2

4
+

1
x2

)
K1

+
3m

2 |x| (K0 + K2) +
m2

4
K3

]

×
(

δλρxµxν + δµνxλxρ − δµλxνxρ

−δνρxµxλ

)}
. (11)

From now on, Ki ≡ Ki(m |x|), i = 0, 1, 2, 3, stand for the
modified Bessel functions, and m ≡ η

e is the mass of the
dual gauge boson generated by the Higgs mechanism. Due
to the Stokes theorem, the term

∫
Σ

dσλν(x)
∫
Σ

dσµρ(y)D(2)
λν,µρ(x − y)

can be rewritten as a boundary one (see Appendix 2),
which finally leads to the following representation for the
partition function of extended DAHM in the London limit2

Z = exp


−eη

2

∮
C

dxµ

∮
C

dyµ
K1(m|x − y|)

|x − y|




·
∫

Dxµ(ξ) exp


−η3

4e

∫
Σ

dσµν(x)

·
∫
Σ

dσµν(y)
K1(m|x − y|)

|x − y|


 . (12)

The first exponent on the R.H.S. of (12) leads to the
short-range Yukawa potential,

VYuk.(R) ∝ 1
R

e−mR.

Notice that since quarks and antiquarks were from the
very beginning considered as classical particles, the exter-
nal contour C explicitly enters the final result. Would one
consider them on the quantum level, (12) must be sup-
plied by a certain prescription of the summation over the
contours [1,9].

The integral over string world-sheets on the R.H.S. of
(12) is the essence of the string representation of the par-
tition function. Being carried out in the saddle-point ap-
proximation, it results in the last exponential factor on
the R.H.S. of (12), where the integrals are taken over
the surface of the minimal area, Σmin., encircled by the
contour C. Such a factor then yields a rising confining
quark-antiquark potential (2), where the string tension σ
is nothing else, but the coupling constant of the Nambu-
Goto term,

SNG = σ

∫
d2ξ
√

ĝ.

2 It is worth mentioning, that an analogous expression for
the partition function has been obtained and investigated in
[9]. This has been done by making use of techniques different
from the ones applied in the present paper.
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Here ĝ stands for the determinant of the induced metric
tensor ĝab(ξ) = (∂axµ(ξ))(∂bxµ(ξ)) of the string world-
sheet, a, b = 1, 2. This term is the first local term in the
derivative expansion of the full nonlocal string effective
action

Seff. =
η3

4e

∫
Σmin.

dσµν(x)
∫

Σmin.

dσµν(y)
K1(m|x − y|)

|x − y| .

The second local term in this expansion is the so-called
rigidity term [17,18]

Srigidity =
1
α0

∫
d2ξ
√

ĝĝab(∂atµν(ξ))(∂btµν(ξ)),

where tµν(ξ) = 1√
ĝ
εab(∂axµ(ξ))(∂bxν(ξ)) is the extrinsic

curvature tensor of the string world-sheet, and 1
α0

is the
inverse bare coupling constant.

Making use of the results of [4], it is possible to de-
rive from the nonlocal string effective action Seff. both
the string tension of the Nambu-Goto term and the inverse
bare coupling constant of the rigidity term. The latter one
turns out to be finite and has the form 3

1
α0

= −πe2

8
. (13)

In particular, one can see that 1
α0

< 0, which reflects the
stability of strings [18,13,19] 4. As far as the string tension
is concerned, one obtains

σ = πη2K0(c) ' πη2 ln
2
γc

, (14)

where γ = 1.781... is the Euler’s constant, and c stands
for a characteristic small dimensionless parameter. In the
London limit, we get c ∼ m

M , where M = 2
√

2λη is the
magnetic Cooper pair mass following from (3). This mass
plays the role of the UV momentum cutoff somehow anal-
ogous to the inverse lattice spacing in QCD. Notice, that
the logarithmic divergency of the string tension in the
Ginzburg-Landau model and AHM is a well known re-
sult, which can be obtained directly from the definition
of this quantity as a free energy per unit length of the
string (see e.g. [20]). Clearly, both the string tension and
the inverse bare coupling constant of the rigidity term are
nonanalytic in g, which means that these quantities are
essentially nonperturbative similarly to the QCD case.

3 In the corresponding (7) of [4] for the inverse bare coupling
constant of the rigidity term, there exists a misprint. The cor-

rect formula has the form 1
α0

= −T4
g

4

∫
d2zz2D

(
z2
)
.

4 Notice, that the negative sign of this coupling constant
alone does not guarantee stability of strings. In the non-
Abelian case, one should elaborate out another mechanisms
to ensure this stability and get rid of crumpling of the string
world-sheet [17,6].

3 String representation for the generating
functional of field strength correlators

In this section, we shall derive the string representation for
the generating functional of field strength correlators in
the London limit of extended DAHM. From this we shall
then obtain an expression for the bilocal correlator and
compare it with the one in QCD. Our starting expression
for the generating functional reads as follows

Z [Sαβ ] =
∫

DBµDθsing.Dθreg.

× exp
{

−
∫

d4x

[
1
4
(
Fµν − FE

µν

)2
+

η2

2
(∂µθ − 2gBµ)2 + iSµνF̃µν

]}
, (15)

where Sµν is a source of the field strength tensor F̃µν =
1
2εµνλρFλρ, which obviously corresponds to the field
strength of the usual gauge field Aµ in the AHM. Per-
forming the same transformations which led from (5) to
(9), we obtain from (15)

Z [Sαβ ] = exp
(

−
∫

d4xS2
µν

)∫
Dxµ(ξ) (16)

× exp
(

−4πie

∫
d4xSµνΣµν

)

× exp
{

−
∫

d4xd4y

(
πΣλν(x) − i

e
Sλν(x)

)

× Dλν,µρ(x − y)
(

πΣµρ(y) − i

e
Sµρ(y)

)}
.

Let us now derive from the general form (16) of the gen-
erating functional the expression for the bilocal correlator
of the field strength tensors. The result reads

〈
F̃λν(x)F̃µρ(y)

〉
=

1
Z[0]

δ2Z [Sαβ ]
δSλν(x)δSµρ(y)

∣∣∣∣
Sαβ=0

= (δλµδνρ − δλρδµν) δ(x − y) +
2
e2 Dλν,µρ(x − y)

−4π2

〈2eΣλν(x) − 1
e

∫
Σ

dσαβ(z)Dαβ,λν(z − x)




·

2eΣµρ(y) − 1

e

∫
Σ

dσγζ(u)Dγζ,µρ(u − y)


〉

xµ(ξ)

, (17)

where

〈...〉xµ(ξ) ≡
∫ Dxµ(ξ)(...) exp

[
−π2

∫
Σ

dσαβ(z)
∫
Σ

dσγζ(u)Dαβ,γζ(z − u)

]
∫ Dxµ(ξ) exp

[
−π2

∫
Σ

dσαβ(z)
∫
Σ

dσγζ(u)Dαβ,γζ(z − u)

]
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is the average over the string world-sheets, and the term
with the δ-function on the R.H.S. of (17) corresponds to
the free contribution to the correlator.

Let us next study the large distance asymptotics of
(10) and (11), i.e. consider these equations at |x| � 1

m .
Then one can see, that due to the large distance asymp-
totics of the modified Bessel functions, the propagator
Dλν,µρ(x) has the order of magnitude η4

e2 . Therefore, at
such distances the absolute value of the second term on
the R.H.S. of (17) is much larger than the absolute value
of the last term, provided that the following inequality
holds

η2 |Σ|
e

� 1, (18)

where |Σ| stands for the area of the surface Σ. In what
follows, we shall restrict ourselves to the case of small
enough η and/or g, for which this inequality is valid, and
consequently the last term on the R.H.S. of (17) can be
disregarded w.r.t. the second one. Notice that the limit of
small g just parallels the London limit.

Following the SVM [2,7], let us parametrize the bilocal
correlator of the field strength tensors by the two Lorentz
structures

〈
F̃λν(x)F̃µρ(0)

〉
=

(
δλµδνρ − δλρδνµ

)
D
(
x2)+

+
1
2

[
∂λ

(
xµδνρ − xρδνµ

)
+ ∂ν

(
xρδλµ − xµδλρ

)]
D1
(
x2) .

(19)
Then in the approximation (18), by virtue of (10) and (11),
we arrive at the following expressions for the functions D
and D1

D
(
x2) =

m3

4π2

K1

|x| , (20)

and

D1
(
x2) =

m

2π2x2

[
K1

|x| +
m

2

(
K0 + K2

)]
. (21)

In (20), we have discarded the free δ-function type con-
tribution, since we are working at large distances so that
x 6= 0. The asymptotic behaviours of the coefficient func-
tions (20) and (21) in the limit |x| � 1

m under study are
then given by

D −→ m4

4
√

2π
3
2

e−m|x|

(m |x|) 3
2
, (22)

and

D1 −→ m4

2
√

2π
3
2

e−m|x|

(m |x|) 5
2
. (23)

For bookkeeping purposes, let us also list here the asymp-
totic behaviours of the functions (20) and (21) in the op-
posite case, |x| � 1

m . Those read

D −→ m2

4π2x2 , (24)

and
D1 −→ 1

π2 |x|4 . (25)

One can now see that according to the lattice data [21]
the asymptotic behaviours (22) and (23) are very similar
to the large distance ones of the nonperturbative parts of
the corresponding functions, which parametrize the gauge-
invariant bilocal correlator in QCD, 〈Fλν(x)Φ(x, 0)Fµρ(0)
Φ(0, x)〉. Here Fλν = ∂λAν −∂νAλ−igQCD [Aλ, Aν ] stands
for the gluonic field strength tensor, and Φ(x, 0) is a par-
allel transporter factor along a certain contour. In partic-
ular, both functions decrease exponentially, and the func-
tion D is much larger than the function D1 due to the
preexponential power-like behaviour. We also see that the
inverse dual gauge boson mass m−1 corresponds to the
correlation length of the vacuum Tg, at which both of the
functions D and D1 in QCD decrease. In particular, in the
string limit of QCD, studied in [4-6], when Tg → 0 while
the value of the string tension is kept fixed, m corresponds

to
√

D(0)
σ .

Moreover, the short distance asymptotic behaviours
(24) and (25) are also in line with the results obtained
within the SVM of QCD in the lowest order of perturba-
tion theory. Namely, in QCD at such distances the func-
tion D1 to the lowest order also behaves as 1

|x|4 (which is
just due to the one-gluon-exchange contribution) and is
much larger than the function D to the same order. Let
us however stress once more, that (24) and (25) contain
only a part of the full information about the asymptotic
behaviours of the functions D and D1 at small distances.
The remaining information is contained in the omitted last
term on the R.H.S. of (17), which at small distances might
become important and modify the asymptotic behaviours
(24) and (25).

The above mentioned similarity in the large- and short
distance asymptotic behaviours of the functions D and
D1, which parametrize the bilocal correlator of the field
strength tensors in DAHM and the gauge-invariant cor-
relator in QCD, thus supports the original conjecture by
’t Hooft and Mandelstam concerning the dual Meissner
nature of confinement.

4 String representation
for the generating functional
of the monopole current correlators

In this section, we shall present the string representation
for the generating functional of the monopole current cor-
relators in the London limit of extended DAHM. Such a
representation can be derived by virtue of the same path
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integral duality transformation studied above. After that,
we shall get from the obtained generating functional the
correlator of two monopole currents and by making use
of it rederive via the equations of motion the coefficient
function D in the bilocal correlator of the field strength
tensors.

In the London limit, the generating functional of the
monopole currents reads

Ẑ [Jµ] =
∫

DBµDθsing.Dθreg.

× exp
{∫

d4x

[
−1

4
(
Fµν − FE

µν

)2
−η2

2
(∂µθ − 2gBµ)2 + Jµjµ

]}
,

where jµ ≡ −2gη2(∂µθ − 2gBµ) is just the magnetic
monopole current5.

Performing the duality transformation, we get the fol-
lowing string representation for Ẑ [Jµ]

Ẑ [Jµ] = exp
[
m2

2

∫
d4xJ2

µ(x)
]

×
∫

Dxµ(ξ) exp


−π2

∫
Σ

dσαβ(z)

×
∫
Σ

dσγζ(u)Dαβ,γζ(z − u)




× exp

{
2gελναβ

∫
d4xd4y

[
−g

2
εµργδ

×
(

∂2

∂xα∂yγ
Dλν,µρ(x − y)

)
Jβ(x)Jδ(y) (26)

+πΣµρ(y)

(
∂

∂xα
Dλν,µρ(x − y)

)
Jβ(x)

]}
.

Varying now (26) twice w.r.t. Jµ, setting then Jµ equal
to zero, and dividing the result by Ẑ[0], we arrive at the
following expression for the correlator of two monopole
currents

〈jβ(x)jσ(y)〉 = m2δβσδ(x − y) + 4g2ελναβεµργσ

×
[
−1

2
∂2

∂xα∂yγ
Dλν,µρ(x − y)+

+π2

〈∫
Σ

dσδζ(z)
∫
Σ

dσχϕ(u)

×
(

∂

∂xα
Dλν,δζ(x − z)

)

5 Rigorously speaking, this is a current of the monopole
Cooper pair.

×
(

∂

∂yγ
Dµρ,χϕ(y − u)

)〉
xµ(ξ)


. (27)

It is straightforward to see that the contribution of the
term (11) to the R.H.S. of (27) vanishes, whereas the con-
tribution of (10) to the second term in the square brackets
on the R.H.S. of (27) can be disregarded w.r.t. its contri-
bution to the first term, provided that the inequality (18)
holds. Within this approximation, making use of the equa-
tion [2]

〈jβ(x)jσ(y)〉 =

(
∂2

∂xµ∂yµ
δβσ − ∂2

∂xβ∂yσ

)
D
(
(x − y)2

)
,

(28)
which follows from (19) due to equations of motion, we
recover from (27), (28), and (10) the expression for the
function D given by (20).

Notice in conclusion, that only the function D can be
obtained from the correlator (27) due to the independence
of the latter of the function D1.

5 Summary and outlook

In the present paper, we have derived the string represen-
tation for the partition function of DAHM extended by in-
troducing gauge fields of external currents of electrically
charged particles (“quarks”), in the London limit. Such
a representation yielded the confining and the Yukawa
parts of the quark-antiquark interaction potential. By the
derivative expansion of the obtained nonlocal string ef-
fective action, one gets, in particular, the corresponding
expressions for the string tension of the Nambu-Goto term
and the inverse bare coupling constant of the rigidity term.
Those turned out to be positive and negative respectively,
which confirms the stability of strings (cf. also [18,13,19]).
Besides that, both of these quantities are nonanalytic in
the magnetic coupling constant, which means that the
string nature of DAHM is of the same nonperturbative
kind as the one of QCD.

In Sect. 3, we have obtained the string representation
for the generating functional of the field strength correla-
tors. In a certain approximation (see (18)), this generat-
ing functional determined then the expressions for the two
coefficient functions, D and D1 (cf. (20) and (21)), which
parametrize the bilocal correlator. Those occurred to be
quite similar to the corresponding functions in QCD. In
particular, it turned out that the large distance asymp-
totic behaviour of the obtained functions in the extended
DAHM was in agreement with the existing lattice data [21]
concerning the corresponding behaviours of the nonper-
turbative parts of these functions in QCD. We have also
argued that the mass of the dual gauge boson in our ap-
proach corresponds to the inverse correlation length of the
vacuum in QCD. These results together with SVM sup-
port the ’t Hooft-Mandelstam conjecture about the dual
Meissner nature of confinement.

Finally, in Sect. 4, we have obtained the string repre-
sentation for the generating functional of monopole cur-
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rent correlators in the extended DAHM. Then, by making
use of the equations of motion and the string representa-
tion for the correlator of two monopole currents, we have
rederived the coefficient function D, which confirms the
correctness of both approaches.

Thus, we have demonstrated the relevance of the ex-
tended DAHM for the description of the string proper-
ties of confinement in QCD according to SVM and the ’t
Hooft-Mandelstam scenario. And vice versa, our results
also support the validity of the bilocal approximation in
SVM of QCD and provide us with some new insights con-
cerning the structure of the QCD vacuum. In conclusion,
all this shows the usefulness of the string representation of
extended DAHM obtained on the basis of the path integral
duality transformation.

Clearly, it is now a challenge to apply this approach to
the realistic non-Abelian case of QCD. In the spirit of this
paper, it is in particular interesting to study dual QCD in
the framework of the so-called Abelian projection method
[22,16]. Recent work in this direction has been done in
[23].
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Appendix 1. Derivation of (7) and (8)

In this Appendix, we shall outline some details of the
derivation of (7) and (8). Firstly, one can linearize the
term η2

2 (∂µθ − 2gBµ)2 in the exponent on the R.H.S. of
(5) and carry out the integral over θreg. as follows

∫
Dθreg. exp

{
−η2

2

∫
d4x (∂µθ − 2gBµ)2

}

=
∫

DCµDθreg. exp
{∫

d4x

×
[
− 1

2η2 C2
µ + iCµ (∂µθ − 2gBµ)

]}

=
∫

DCµδ (∂µCµ) exp
{∫

d4x

×
[
− 1

2η2 C2
µ + iCµ

(
∂µθsing. − 2gBµ

)]}
. (A1.1)

The constraint ∂µCµ = 0 can be uniquely resolved by
representing Cµ in the form Cµ = 1

2εµνλρ∂νhλρ, where hλρ

stands for an antisymmetric tensor field. Notice, that the
number of degrees of freedom during such a replacement is
conserved, since both of the fields Cµ and hµν have three
independent components.

Then, taking into account the relation (6) between
θsing. and Σµν , we get from (A1.1)

∫
Dθsing.Dθreg. exp

{
−η2

2

∫
d4x (∂µθ − 2gBµ)2

}

=
∫

Dxµ(ξ)Dhµν exp
{∫

d4x (A1.2)[
− 1

12η2 H2
µνλ + iπhµνΣµν − igεµνλρBµ∂νhλρ

]}
.

In the derivation of (A1.2), we have replaced Dθsing. by
Dxµ(ξ) (since the surface Σ, parametrized by xµ(ξ), is
just the surface, at which the field θ is singular) and, for
simplicity, have discarded the Jacobian arising during such
a change of the integration variable 6.

Bringing now together (5) and (A1.2), we arrive at (7).
In the literature, the above described sequence of trans-
formations of integration variables is usually called “path
integral duality transformation”. In particular, it has been
applied in [11] to the model with a global U(1)-symmetry.

Let us now derive (8). To this end, we find it convenient
to rewrite

exp
(

−1
4

∫
d4xF 2

µν

)
=
∫

DGµν

× exp
{∫

d4x
[
−G2

µν + iF̃µνGµν

]}
,

after which the Bµ-integration in (7) yields

∫
DBµ exp

{
−
∫

d4x

×
[
1
4
F 2

µν + iF̃µν (ghµν + 2πieΣµν)
]}

=
∫

DGµν exp
(

−
∫

d4xG2
µν

)
×δ (εµνλρ∂µ (Gλρ − ghλρ − 2πieΣλρ))

=
∫

DΛµ exp

[
−
∫

d4x (ghµν + 2πieΣµν

+∂µΛν − ∂νΛµ)2
]
. (A1.3)

In the last line of (A1.3), the constraint

εµνλρ∂µ (Gλρ − ghλρ − 2πieΣλρ) = 0

has been resolved by setting Gλρ = ghλρ + 2πieΣλρ +
∂λΛρ − ∂ρΛλ.

Finally, by performing in (A1.3) the hypergauge trans-
formation hµν → hµν + ∂µλν − ∂νλµ and fixing the gauge
by choosing λµ = − 1

g Λµ (see e.g. [13]), we arrive, omitting
the measure factor DΛµ, at (8).

6 For the case when the surface Σ has a spherical topology,
this Jacobian has been calculated in [15].
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Appendix 2. Integration over
the Kalb-Ramond field in (8)

Let us carry out the following integration over the Kalb-
Ramond field

Z =
∫

Dhµν exp

[
−
∫

d4x

(
1

12η2 H2
µνλ

+
1

4e2 h2
µν + iπhµνΣµν

)]
. (A2.1)

To this end, it is necessary to substitute the saddle-point
value of the integral (A2.1) back into the integrand. The
saddle-point equation in the momentum representation
reads

1
2η2

(
p2hextr.

νλ (p) + pλpµhextr.
µν (p) + pµpνhextr.

λµ (p)
)

+
1

2e2 hextr.
νλ (p) = −iπΣνλ(p).

This equation can be most easily solved by rewriting it in
the following way(

p2Pλν,αβ + m21λν,αβ

)
hextr.

αβ (p) = −2πiη2Σλν(p), (A2.2)

where we have introduced the following projection opera-
tors

Pµν,λρ ≡ 1
2

(PµλPνρ − PµρPνλ)

and
1µν,λρ ≡ 1

2
(δµλδνρ − δµρδνλ)

with Pµν ≡ δµν − pµpν

p2 . These projection operators obey
the following relations

1µν,λρ = −1νµ,λρ = −1µν,ρλ = 1λρ,µν , (A2.3)

1µν,λρ1λρ,αβ = 1µν,αβ (A2.4)

(the same relations hold for Pµν,λρ), and

Pµν,λρ (1 − P)λρ,αβ = 0. (A2.5)

By virtue of properties (A2.3)-(A2.5), the solution of
(A2.2) reads

hextr.
λν (p) = − 2πiη2

p2 + m2

[
1 +

p2

m2 (1 − P)
]

λν,αβ

Σαβ(p),

which, once being substituted back into partition function
(A2.1), yields for it the following expression

Z = exp

{
−π2η2

∫
d4p

(2π)4
1

p2 + m2 (A2.6)

×
[
1 +

p2

m2 (1 − P)
]

µν,αβ

Σµν(−p)Σαβ(p)

}
.

Rewriting (A2.6) in the coordinate representation we ar-
rive at (9).

Let us now prove that the term proportional to the
projection operator 1 − P on the R.H.S. of (A2.6) indeed
yields in the coordinate representation the boundary term,
i.e. (11). One has

p2(1 − P)λν,αβ =
1
2
(δνβpλpα + δλαpνpβ − δναpλpβ

−δλβpνpα). (A2.7)

By making use of (A2.7), the term

−π2η2
∫

d4p

(2π)4
1

p2 + m2

p2

m2 (1 − P)µν,αβ

∫
d4x

×
∫

d4yeip(y−x)Σµν(x)Σαβ(y)

under study, after carrying out the integration over p,
reads

η2

2m

∫
d4xΣµν(x)

∫
d4yΣνβ(y)

∂2

∂xµ∂yβ

×K1(m |x − y|)
|x − y| . (A2.8)

Acting in (A2.8) straightforwardly with the derivatives,
we arrive at (11). However, one can perform the partial
integration, which gives the boundary term

−e2m

2

∮
C

dxµ

∮
C

dyµ
K1(m |x − y|)

|x − y| ,

in which one can recognize the argument of the first ex-
ponent standing on the R.H.S. of (12).
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